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The following are transformation equations defining the angular orientation of each coordinate system inherent in FAST.

Before prov1d1ng these, it is useful to discuss the transformation equation relating coordinate system x to coordinate system |.X| where|x|(with
orthogonal axes|x,, x,|, and x3) is the coordinate system resulting from three rotations|(4,,6,, and |d,) about the orthogonal axes (X 1 X, and[X)

of coordinate system | X|. With all rotation angles assumed to be small, the order of rotations does not matter and Euler angles do not need to be used.

¥ 1 1 | L. o . . 1 . . -1 1 . 1 11— 1 1 1 PP 11 . ]
Instead, what we want, is a transformation equation that is consistent with classical Bernoulli-Euler beam theory (which assumes small rotations)]
The correct transformation equation is:‘

X, 1 6, -0,||X,

| L

where [A] is referred to as the Bernoulli-Euler transformation matrix in this work. The approximation symbol (z)[ is used in place of an equals
[

’symbol (=) in the above expression since [A] is not orthonormal, which implies that the resulting X from this expression is not made up of a set of

mutually orthogonal axes (all transformation matrices between sets of mutually orthogonal axes must be orthonormal). So it is evident that in place
of|[ 4], what we want is the closest orthonormal matrix to|[ 4|, which is referred to as||TransMat | in this work. From linear algebra, we know that

the closest orthonormal matrix to [A] in the Frobenius Norm sense is:

[TransMat] = [U][V]T s

where the columns of '[U ]| contain the eigenvectors of [A][A]T and the columns of| [V] contain the eigenvectors of [A]T [A]. This result follows

directly from the Singular Value Decomposition (SVD) of [A]j

[4]=[v][=]0vT

where '[2 ] is a diagonal matrix containing the singular values of | [A]Y, which are \/eigenvalues of [A][A]T = \/ eigenvalues of [A]T [4].
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The algebraic form of the resulting transformation matrix is:

O \1+60; +0; +0; +6; +6;

93(95+9;+9§)+9192(1/1+ef+9j+9;—1) —92(9,2+9j+9§)+9193(1/1+9f+9j+9§—1)

1/13/2025

(67 +0; +67)\1+6; +6; +06; (67 +0; +67)\1+6; +6; +0; (67 +0;+0])\1+6; +0; +0;

X, —93(912+9§+9§)+9192(,/1+0f+ej+ej —1) 0401207 +0: 10 +0° 01(9,2+ej+9§)+9203(,/1+ef+ej+ej —1)
X, r=
. (67 +0; +67)\1+6; +6; +0; (67 +0; +67)\1+06; +6; +0; (67 +0; +67)\1+06] +6; +0;

92(9,2+9;+9§)+9,93(,/1+9,2+9;+ej —1) —9,(0,2+9j+9§)+0293(,/1+05+9;+ej —1) 0402+ 0150 107 107

(67 +6; +67)\1+6 +6; +6; (67 +07 +67)\1+06] +0; +0;

(0f+9§+9;)\/1+9f+922 +0;

e e

[T ransMat]

This was derived symbolically by J. Jonkman by computing| [U] [V]T by hand with verification in Mathematica.

| Tower Base / Platform Coordinate System|
al

<
a, :[TmnsMat(GI =q,.0,=q,.0, =—6]p)] (s

)

a;

Tower Element-Fixed Coordinate System
t,(h) a,
t,(h) =| TransMat (0, = Oy (),0, = 0,0, = 6,,, (1)) ] a,
t,(h)

where,

a;

TFA
h
0= 5

ag"

quz} and Hss(h){

dh

d¢ITSS
dh

()

gl
dh

()

TSS2

TFAI +
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| Tower-Top / Base Plate Coordinate Systen

b, a,
b, = [TransMat (0, =0y (TwrFlexL),0,=0,0, = 0,, (TwrFlexL))} a,
b, as
where,
d TFA (h) d¢TFA (h) d 7SS (h) d¢TSS (h)
o TwrFlexL)=— NI q +2— q and 6. (TwrFlexL)= A N q +2— q
FA ( ) dh TFAI dh TFA2 SS ( ) dh TSS1 dh TSS2
h=TwrFlexL h=TwrFlexL h=TwrFlexL h=TwrFlexL
Nacelle / Yaw Coordinate System
q, 0 [sin(gun) | (B
d, = 0] b}
a 0 [cos(an) | [t
[Rotor-Furl Coordinate System) ]
[ 1-cos’ (RFriSkew)cos® (RFriTilt) |cos (g4 ) cos (RFriSkew)cos (RFrITilt) sin( RFrITilt)[ 1-cos(qyy,, )| cos(RFriSkew)sin(RFriSkew)cos® (RFFITilt)[ cos(qus, )~ 1]
+cos’ (RFrISkew)cos® (RFrITilt) — sin(RFriSkew)cos (RFFITilt) sin(q s, ) —sin(RFrITilt)sin(qpp, )
ZZ _ cos(RFrlSkew)cos(RFrlTllt)sm(RFrszlt)[]—cos (G ):| cos® (REHTilt)cos (qyp, )+ sin’ (RE¥ITe) sin(RFriSkew)cos (RFrITilt) sin (RFrszlt)[cos(qRF,I)—IJ d:
o +sin( RFrISkew)cos (RFriTilt ) sin(qps; ) +cos (RFriSkew) cos (RFrITilt ) sin(qpy, ) d
3 3
cos ( RFrISkew) sin(RFriSkew)cos’ (RFrlTiZt)[cos(qRFrl)—I] sin(RFrlSkew)cos(RFrZTilt)sin(RFrlTiZt)[cos(qu)—1] |:1—Sin2 (RFriSkew)cos® (RFrlTilt)}cos(qRF,,)
| +sin(RFrITilt) sin(qg, ) —cos (RFriSkew)cos (RFrITilt ) sin (g ) +sin’ (RFrlSkew)cosZ (RFrITilr) |

Shaft Coordinate System|
c, cos (ShftSkew)cos (ShfiTilt)| [sin(ShftTilt)|| —sin(ShfiSkew)cos (ShftTilt) | (ef,
¢, ¢ =| +cos (ShftSkew) sin(ShfiTilt)| cos(ShftTiltﬂ ’Sin(ShﬁSkew) sin(ShftTilt) rf,
c; sin(ShftSkew) [0) | cos (ShftSkew)
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Azimuth Coordinate System|
e 1 0] c;
@ = cos (quTr + quAz | Sin (quTr + quAz B
3 |_ sin (quTr + quAz |COS (quT r + quAz c3

'Teeter Coordinate System|

1 e
frr= Dl @ €

0 [cos (gna)) |les

Hub / Delta-3 Coordinate System|
g 1 0 0 [
g, = \cos(Delta3) |sin(Delta3) | f,
\—sin(Delta3) |cos(Delta3) || f;

Hub (Prime) Coordinate System|

The equation for|g”? of blade 2 is similar|




|Coned Coordinate System|
l’f’ cos[Pr eCone(]):l 0 —sin [Pr eCone(])] g'IBI
iy = 0 1 0 g7t

[2:14

iy' sin[PreCone(])] 0 cos[PreCone(l)] 8

The equation for]i87 is similar]

Blade / Pitched Coordinate System
I cos [BlPitch (1 )] —sin [BlPitch (1 )] 0 o
jitt=| sin [BlPitch(])] cos I:BZPitch(I):l 0|4

s 0 0 10|85

The equation for] /87 is similar]

Blade Coordinate System Aligned with Local Structural Axes (not element fixed)

Lj,BI(r) cos:HSBI(r)_: —sin[@fl(r): 0

Lifl(r)}= _Qfl(r)_ cos[@f’(r)] 0|y
Lj;'(r) 0 0 1|5

A,

’The equation for| LjB(r) is similarJ

Blade Element-Fixed Coordinate System Aligned with Local Structural Axes|
(1) L' ()
ny' (r);= [TransMat(@I =06/ (r).0,=0,"(r).6, = 0)] Lj;" (r)
(0 1321
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where,
07" (r)=cos [Hfl (r)] 0, (r)—sin [Hfl (r)] O (1) Hfl (r)=sin [Hfl (r)] 0, (r)+cos [6’51 (r)] 05, (7). and
d(//B[ 7 dl//BI r dV/B] 7 d¢B] 7 d¢BI r d¢Bl 7
911;’](7'):_ ;,r( )qB]F1+;—r()qBIF2+;—r()qBIE1 > egsz(r): ld—r()QBIFJ +2d—r()qBIF2 + 3dr( )qB]EI

’The equation for| nBZ(r)

Blade Element-Fixed Coordinate System Used for Calculating and Returning Aerodynamic Loads|
This coordinate system is coincident with|##’| when the blade is undeflected.|

m? (r) cos[BlPitch(])+9§1 (r)] sin [BlPitch(])JerI (r)] 0 n? (r)
my' (r)¢=|—sin [BlPitch(])+0_f1 (r)] cos [BlPitch(l)+t9§’ (r)] 0 |yn;" (r)
m;'(r) 0 0 1((ns"(r)

The equation for| mBZ(r)

’Blade Element-Fixed Coordinate System Aligned with Local Aerodynamic Axes (i.e., chordline) / Trailing Edge Coordinate System
te”! (r) cos[BlPitch(1)+Hfl(r)] —Sin[BlPitch(])+Hfl (r)] 0 m® (r)
te)! (r) = Sin[BlPitch(])+Hfl(r)] cos[BlPitch(])+Hf[(r)] 0| m;' (r)
te;' (r) 0 0 1|(m5"(r)

]The equation for|te®’(r) is similarl
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| Tail-Furl Coordinate System|
|:I —cos’ (TFrlSkew)cos2 (TFrlTilt)]cos(qm,) cos(TFrlSkew)cos(TFrlTilt)sin(TFrlTilt)[] —cos(qm, ):| cos(TFrlSkew)sin(TFrlSkew)cos2 (TFrlTilt)[cos(qm, )- 1]
+cos’ (TFriSkew)cos® (TFriTilt) — sin(TFriSkew)cos (TFriTilt) sin(qyy,; ) —sin(TFriTilt) sin(qypz, )
4 N . . N . d
tj{i _ cos(TFrlSkew)cos(TFrlTllt)sm(TFrlTllt)[]—cos(qm, )] cos? (TFrlTilt)cos(qm,)+sin2 (TFrlTilt) szn(TFrlSkew) cos(TFrlTllt)sm(TFrlTllt)[cos(qm,)—1] di l
i +sin(TFrlSkew)cos(TFrlTilt)sin(qm,) +cos(TFrlSkew)cos(TFrlTilt)sin (qu) d J
3 3
cos (TFriSkew) sin(TFriSkew)cos’ (TFrlTilt)[cos(qm,)—I] sin(TFriSkew)cos (TFriTilt)sin (TFrlTilt)[cos(qTF,,)—I] [Ifsinz (TFriSkew)cos’ (TFrZTilt)]cos(qTFrl)
| +sin (TFriTilt ) sin(gyp, ) —cos(TFriSkew)cos (TFrITilt)sin(qyp, ) +sin’ (TFriSkew)cos’ (TFriTilt) |
Tail Fin Coordinate System|
I cos (TFinSkew)cos (TFinTilt) sin(TFinTilt) —sin(TFinSkew)cos(TFinTilt)
Z
P sin (TFinSkew) sin (TFinBank) cos (TFinSkew) sin (TFinBank) 7/,
D, = cos(TFinTilt)cos(TFinBank) tf,

» —cos (TFinSkew) sin (TFintTilt)cos (TFinBank) + sin (TFintSkew) sin (TFinTilt)cos (TFinBank) »
il sin (T F inSkew) cos (T F inBank) cos (T F inSkew) cos (T F inBank) ’
—cos(TFinTilt)sin(TFinBank)

+ cos (TFinSkew) sin (TFintTilt)sin (TFinBank) —sin (TFintSkew) sin (TFinTilt)sin (TFinBank)




