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The following are transformation equations defining the angular orientation of each coordinate system inherent in FAST. 1

Before providing these, it is useful to discuss the transformation equation relating coordinate system x to coordinate system X where x (with
orthogonal axes x,, x,, and x;) is the coordinate system resulting from three rotations (6,,6,, and @,) about the orthogonal axes ( X,, X,, and X;)
of coordinate system X . With all rotation angles assumed to be small, the order of rotations does not matter and Euler angles do not need to be used.
Instead, what we want, is a transformation equation that is consistent with classical Bernoulli-Euler beam theory (which assumes small rotations).
The correct transformation equation is:

X, 1 6, -6,](x,) 3

where [A] is referred to as the Bernoulli-Euler transformation matrix in this work. The approximation symbol (=) is used in place of an equals
symbol (=) in the above expression since [A] is not orthonormal, which implies that the resulting x from this expression is not made up of a set of

mutually orthogonal axes (all transformation matrices between sets of mutually orthogonal axes must be orthonormal). So it is evident that in place
of [ A], what we want is the closest orthonormal matrix to [ 4], which is referred to as [TransMat| in this work. From linear algebra, we know that

the closest orthonormal matrix to [A] in the Frobenius Norm sense is:

[TransMat]= [U][V]T I°

where the columns of [U] contain the eigenvectors of [A][A]T and the columns of [/'] contain the eigenvectors of [A]T [A]. This result follows

directly from the Singular Value Decomposition (SVD) of [4]:

[4]=[U][=]] .

where [ 2] is a diagonal matrix containing the singular values of [ 4], which are \/eigenvalues of [A][A]T = \/ eigenvalues of [A]T [4]. °



The algebraic form of the resulting transformation matrix is:

O \1+60; +0; +0; +6; +6;

(67 +6; +67)\1+6; +6; +6;

X, —93(912+9§+9§)+9192(,/1+05+ej+e;—1)

93(95+9j+9§)+9192(1/1+ef+9j+9;—1) —92(9,2+ej+aj)+9193(1/1+95+9j+9§—1)
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T 1

(67 +0; +67)\1+6; +6; +0;

(6?,2+t9j+H32)\/1+9f+0§+:932

0; +0;\/1+06; +0; +0; +6;]

(67 +0; +67)\1+06; +6; +0;

92(95+9;+9§)+0,93(,/1+0,2+9;+ej—1) —9,(0,2+9j+9§)+0293(,/1+05+9;+ej—1)

(67 +0;+07)\1+6; +0; +0;

0,(6; +6: +9§)+9203(,/1+ef 162+ 07 —1)

(6f+0§+932)\/1+9f+0§+932

(9f+9§+¢9§)\/]+9f+622+¢9§

(67 +0; +67)\1+06] +6; +0;

07 +07 +02./1+67 +07 +6;

(0f+9§+9;)\/1+9f+922 +0;

[T ransMat]

This was derived symbolically by J. Jonkman by computing [U | [V]T by hand with verification in Mathematica. 2

Tower Base / Platform Coordinate System 3

a, <
a, :[TransMat(QI =q,.0,=q,.0, =—6]p)] s
a, <3

Tower Element-Fixed Coordinate System 5

t,(h)

a,

t,(h) =| TransMat (0, = Oy (1),0, = 0,0, = 6,,, (1)) ] a,

t;(h)
where,
d TFA (h) d¢TFA

Or4 (h) == ]d—hQTFAJ +2d—h

a;

(h) qmz} and G () = |:d¢ITSS (h) g™ (h)

Jh Arssi dh drss>



Tower-Top / Base Plate Coordinate System 1

b]
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a,

b, = [TmnsMat(@I =0y (TwrFlexL),0, = 0,6, = 6,, (TwrFlexL))] a,

b,

where,

0., (TwrFlexL) = —{1—

d TFA (h)

dh dh

h=TwrFlexL

Rotor-Furl Coordinate System 5

rf;
v

if;

}z

I:I —cos’ (RFrlSkew) cos’ (RFrlTilt)] cos (qRF,, )
+cos® (RFrlSkew) cos’ (RFrlTilt)
cos (RFrlSkew) cos (RFrlTilt)sin (RFrlTilt) [1 —cos(qRFr, ):|
+sin (RFrlSkew) cos (RFrlTilt) sin (qRF,, )
cos (RFrlSkew) sin (RFrlSkew) cos’ (RFrlTilt) [cos (qu ) - ]]

| +sin (RF¥ITilt)sin(qp, )

Shaft Coordinate System 7

dg,"™ (h)

rrar +

as

d¢TSS h
Qrss; + 2—()

dh
h=TwrFlexL

d TSS (h)

qTFA2:| and O (T wrF lexL) = |:1d—h

Arss2 ]
h=TwrFlexL

h=TwrFlexL

cos (RFrlSkew) cos (RFrlTilt)sin (RFrlTilt) [1 —cos (qRFr, ):| cos (RFrlSkew) sin (RFrlSkew) cos’ (RFrlTilt) [cos (qRF,, ) = I]_

—sin(RFrlSkew) cos (RFrlTilt)sin(qRFr, ) —sin (RFrlTilt)sin(qu )

sin (RFrlSkew) cos (RFrlTilt) sin (RFrlTilt)[cos (qu ) = 1]
+cos (RFriSkew) cos (RFrITilt) sin (g, )

sin (RFrlSkew) cos (RFrlTilt) sin (RFrlTilt)[cos (qu ) - 1] [1 —sin’ (RFrlSkew) cos’ (RFrlTilt)] cos (qu)
—cos (RFrlSkew) cos (RFrlTilt)sin (qu ) +sin’ (RFrlSkew) cos’ (RFrlTilt)

cos® (REFITilt) cos (G, ) + sin’ (RFrITilr)
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Coned Coordinate System 1
i,BI cos[Pr eCone(])] 0 —sin [Pr eCone(])] g',BI P
il = 0 1 0 gV

¢B1

iy Sin[PreCOne(])] 0 cos[PreCone(l)] 8

The equation for i#? is similar. 3

Blade / Pitched Coordinate System 4

P cos [BlPitch(])] —sin [BlPitch(])] 0 i 5
jf’ =| sin [BlPitch (1)] cos I:BlPitch (1)] 0 if’

s 0 0 10|85

The equation for j#? is similar. 6

Blade Coordinate System Aligned with Local Structural Axes (not element fixed) 7
Li* (r) cos[@f’(r)] —sin[@f’(r)] 0| (;81 6

1

Ljy' (r)p= sin[@fl(r)] cos[@f’(r)] 0|:il!
Lji" () 0 0 It

The equation for LjB%(r) is similar. 9

Blade Element-Fixed Coordinate System Aligned with Local Structural Axes 10
n? (1) L (r)
ny' (r) = [TransMat(@I =0" (r),Hz = Hfl (r),03 = 0)] LY (r)
n (r) Lj;' (r)
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where, 1
07" (r)=cos [Hfl (r)] 0, (r)—sin [Hf] (r)] O (7). Hfl (r)=sin [(9;” (r)] 0, (r)+cos [6’?1 (r)] 05, (7). and 2
dl//Bl ” dl,VBI r dl//B] ” d¢B] ” d¢Bl r d¢Bl 2
911;’] (r) == Id—r()qB]FI +;—r()931m +;—r()qBIE1 > egolp (V) = Id—r()QBlFI +2d—r()QBIF2 + 3dl”( )qB]EI

The equation for n®2(r) is similar. 3

Blade Element-Fixed Coordinate System Used for Calculating and Returning Aerodynamic Loads 4
This coordinate system is coincident with i3/ when the blade is undeflected.

m? (r) cos[BlPitch(])+9§1 (r)] sin [BlPitch(])JerI (r)] 0 n? (r) 5
m)' (r) = —sin[BlPitch(])+0§' (r)} cos [BlPitch(1)+t9§1 (r)] 0|3n’’ (r)
m;' (r) 0 0 1| |ns" (r)

The equation for m5%(r) is similar. 6

Blade Element-Fixed Coordinate System Aligned with Local Aerodynamic Axes (i.e., chordline) / Trailing Edge Coordinate System 7
tef'(r) cos[BlPitch(1)+Hfl(r)] —Sin[BlPitch(1)+6?fI(r)] 0 mf’(r) 8
tefl(r) = Sin[BlPitch(])+Hfl(r)] cos[BlPitch(l)jL@f[(r)] 0 mf'(r)
te;' (r) 0 0 1|(m5"(r)

The equation for teB%(r) is similar. 9
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Tail-Furl Coordinate System 1

I [l —cos® (TFriSkew) cos’ (TFrlTilt)] cos () cos (TFriSkew) cos (TFriTilt)sin (TFrlTilt)[l — 05 (G )] cos (TFriSkew) sin(TFriSkew)cos’ (TFrlTilt)[cos (7 )— 1]_ 2

+cos’ (TFriSkew)cos® (TFriTilt) — sin(TFriSkew)cos (TFriTilt) sin(qyy,; ) —sin(TFrITilt) sin(qyp, )
{ ;2; _| cos(TFriSkew)cos (TFviTilt)sin(TFriTilt) [1-cos(qy) ] o (TEVITIH) o5 (gmmy) s (TEVITRE) sin(TFriSkew)cos (TFriTilt)sin(TFriTilt)[ cos (s, )~ 1] {:}
i, +sin(TFrlSkew)cos(TFrlTilt)sin(qTF,,) +cos(TFrlSkew)cos(TFrlTilt)sin (qu) d
cos (TFriSkew) sin(TFriSkew)cos’ (TFrlTilt)[cos(qm,)—I] sin(TFriSkew)cos (TFriTilt)sin (TFrlTilt)[cos(qm,)—I] [l—sinz (TFriSkew)cos’ (TFrZTilt)]cos(qTFrl)
| +sin (TFriITilt ) sin( gy, ) —cos (TFriSkew)cos(TFrITilt)sin(qyp, ) +sin’ (TFriSkew)cos® (TFriTilt) |

Tail Fin Coordinate System 3

i 4
cos (TFinSkew) cos (TFinTilt) sin (TFinTilt) —sin (TFinSkew) cos (TFinTilt)
P sin(TFinSkew) sin (T F inBank) cos (T F inSkew) sin (T FinBank) g
D, = cos(TFinTilt)cos(TFinBank) tf,
» —cos (TFinSkew) sin (TFintTilt)cos (TFinBank) + sin (TFintSkew) sin (TFinTilt)cos (TFinBank) o
’ sin (T F inSkew) cos (T F inBank) cos (T F inSkew) cos (T F inBank) ’
—cos(TFinTilt)sin(TFinBank)
| +cos (TFinSkew) sin (TFintTilt)sin (TFinBank) —sin (TFintSkew) sin (TFinTilt)sin (TFinBank) |



